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I. Introduction 

Traditionally, probabilistic reasoning has been plagued 
by its computational intractability in real sitiiations. 
Complete joint probabilistic specificat.ions are not pos- 
sible in most situations and very simplistic probabilistic 
models which are compiitationally inexpensive do not 
capture the complexities of a real life problem. With the 
advent of Bayesian networks, we have seen a renewed 
interest in probabilistic reasoning. Bayesian networks 
provide us with an unique way of looking at a probabil- 
ity distribution in terms of a directed graph. Each node 
in the Bayesian network represents a random variable 
and the links denote direct dependencies between ran- 
dom variables. The links are quantified with the condi- 
tional probabilities. Sot  only does the graph structure 
allow a better visualization of the inherent dependencies 
among the random variables but the network translates 
into a distributed computational structure. Bayesian 
networks are presently being used in computer vision, 
artificial intelligence, medicine, CAM, troubleshooting 
and other applications wherein decisions are condition- 
ally dependent on many controlling factors. 

As we shall see. there is inherent parallelism and locality 
in updating a Bayesian network [2]. However, in spite of 
the distributed nature of the Bayesian network, to date 
its implementation has been mainly serial. In this paper 
we explore the mapping of a class of Bayesian networks 
called poiytrees onto a hypercube parallel machine ar- 
chitecture. Issues such as synchronization. preventing 
deadlock without much busy-waiting, load balancing 
and preserving functional integrity are discussed. The 
proposed mapping is deadlock free since all the messages 
are received and processed in the order of the structural 
hierarchy of the nodes in a tree. The mapping scheme 
maintains parent-child adjacency and single hop mes- 
sage passing t.hroiighout the compiit,at,ion. The scheme 
was implemented and verified on a 64 node nCUBE. 
The task allocation is static and is done at the begin- 
ning of the computation. The proposed scheme allows 
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for efficient mapping of arbitrarily large trees onto a 
fixed size hypercube. We found that the overall speed 
up corresponds to the height of the tree. 

Application-specific task allocation is important. Each 
parallel algorithm can have different task schedules and 
the efficiency depends much on the task allocation. It 
is therefore absolutely essential to have a task mapping 
strategy that gives maximum benefit in terms of speed 
and cost. The literature on this topic is rich. Some al- 
gorithms map tasks based on the critical path and the 
completion time constraints as in [4]. Other mapping 
criteria that are used are the Dzlatzon Bound and the 
Expanszon Ratzo as mentioned in [SI. Dzlatzon is defined 
as the length of any edge in the graph after mapping. 
Expanszon Ratzo is the ratio of the total number of filnc- 
tional links between processors to the number of edges 
in the graph. 

11. Bayesian Network Updating 

Each node in a Bayesian network represents a random 
variable from the problem domain. The directed links 
between the node denote direct dependencies between 
nodes and are sometimes inferred using cause and effect 
principles. At each node X we store the conditional 
probabilities of possible values ( X  = x) given the states 
of the parents {UI, Cr2, . . .  , Un}. In practical terms we 
store the table { P ( X  = zIU1 = 211, U2 = 212, - - a ,  Un)} 
for all possible { x , u 1 , ~ i 2 , * * .  ,un}.  For binary random 
variables, each element in this latter set of possible val- 
ues can be either 0 or 1. At steady state, each node 
of the Bayesian network also stores a probability vec- 
tor {BEL(X = 2)) which reflects the probability that 
X = I given the present state of knowledge. Whenever 
new evidence arrives for a sets of nodes, we would like 
to update the BEL vectors at all other nodes in light of 
this new evidence. This is called updating a Bayesian 
network. 

Updating a general Bayesian network with no topo- 
logical restrictions is an NP-hard problem [3]. How- 
ever, Pearl [I] showed that if the Bayesian network is 
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Figure 1: Flow of messages in a Bayesian network ac- 
cording to Peot and Shachter algorithm 

a polytree' then there exists a very efficient probabil- 
ity updating algorithm which involves message (T and 
A) passing among the random variables. The updating 
algorithm is O(mn) where n is the number of Bayesian 
nodes and m is the number of new evidence. Peot and 
Shachter [2] suggested a revised polytree algorithm in 
which the entire process of updating a Bayesian net- 
work can be completed in just three passes irrespective 
of the number of new evidence. The revised polytree 
algorithm is U(3n)  where n is the number of Bayesian 
nodes. 

The revised polytree scheme proceeds by identifying a 
pivot node which is usually the node with a large num- 
ber of neighbors, e.g. the node marked X in Figure 1. 
Then conceptually we consider passing messages in this 
revised structure which is formed when we hang the 
polytree Bayesian network from the pivot node. This 
results in a tree structure (ignoring the Bayesian net- 
work link directions) as shown in Figure 1. We call this 
new tree structure the Peot-Shachter tree. Note that 
the parents of a node in the Peot-Shachter tree are dif- 
ferent from the parents in the underlying Bayesian net- 
work. The resultant parents and children in the Peot 
and Shachter tree determine the directions of messages 
that are passed and the contents of the messages (A  and 
T) are determined by the Bayesian network's polytree 
structure. 

The message passing scheme is simple. It involves three 
passes which proceeds in a vertical manner in the Peot- 
Shachter tree structure. Information from new evi- 
dences are absorbed as the messages proceed. Figure l 

'A polytree is a tree where each node can have multiple children 
and multiple parents. 

depicts the message passing scheme. The three passes 
are as follows: 

a 

e 

a 

For 

Pass zero: Starting from the pivot node a message 
passes downwards asking for messages from nodes 
with new evidence. This process initiates the actual 
updating process. 

Pass one: On receiving a pass zero request, a node 
with new evidence passes a message upwards to its 
parents in the Peot-Shachter tree. The content of 
the message is determined by the polytree Bayesian 
network status of the Peot-Shachter tree parent. 
Thus, if the parent of the present node in the Peot- 
Shachter tree is a child of the present node in the 
Bayesian network then we compute a ?r message or 
else we compute a X message. 

Pass Two: Once all the message reach the root, the 
down pass begins in which all the nodes of the tree 
are updated starting from the root and traveling 
down to the leaves. 

111. Mapping and Implementation 

implementing Bayesian Networks on parallel ma- 
chines,the mapping scheme not only has to be efficient 
with respect to task scheduling and load balancing but 
also with respect to the inter-node communication prob- 
lems required in the network. Also, when the number 
of nodes in the Bayesian network is much larger than 
the number of processors in the parallel machine, the 
task allocation must still maintain all requirements for 
efficient processing. Note that in the Peot-Shachter tree 
each node of the Bayesian network has only one parent. 
Thus, we can name each node in breadth first order and 
assign the levels. 

To reduce the communication time and the number 
of relay proces.qors, it is essential to maintain Peot- 
Shachter parent-chiid adjacency when mapping the tree, 
as much as possible, on to the parallel machine. A 
good way of achieving this would be to assign the root 
(level 0) of the tree always to Node 0 of the hypercube 
and then assign its children (level 1) to its neighbors in 
a round robin fashion. This method is continued to map 
the rest of the levels in a similar fashion till the ent,ire 
tree is mapped. 

To maintain load balancing, the scheme should be ad- 
justed to ensure uniform variation of tree nodes over hy- 
percube nodes. It is done by changing the starting bit 
also in a round robin fashion at every level. This would 
mean that for the k-th level of a tree on an m degree 
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Figure 2: Load halanced adjacency mapping 

hypercube, the starting bit would be the ( I C  mod m)- 
th bit. Figure 2 illustrates load-balanced, round robin 
mapping. The small circles represent tree nodes, the 
numbers near them, that are not within brackets, rep- 
resent the corresponding node number in the tree itself. 
The numbers within the square brackets give the binary 
encoding of the hypercube node in which the specific 
tree node is stored. 

In a typical message passing application, one of the 
greatest problems is that of deadlock. Moreover, since 
all processors work in parallel, it is also very important 
to preserve the sequence in which information travels. 
An out-of-turn message can lead to erroneous compu- 
tation and propagation of errors. At the same time, 
since messages queue up in buffers, a message that is 
required first may arrive after another that is required 
later and cause a deadlock. This can be eliminated by 
handshaking and sequence ordering of the messages. 

IV. Experimental Results and Performance 
Comparison 

The scheme was implemented on a 64 node Silicon 
Graphics hypercube with IRIX 4.0.1 operating system'. 

'The authors would like to thank Dr. Sartaj Sahni. Dr. Sanjay 
Ranka and James F.  Hranicky of the Cniversity of Florida. 

20 40 80 80 1 0 0  120 140 180 100 200 
N U ~ ~ W  of nodes on eawsilan tree 

Figure 3: S vs n for 5d cube 

The speedup due to the hypercube dimension and the 
Peot-Shachter tree height 'ur;ls observed using a number 
of Bayesian polytrees generated by a random Bayesian 
tree generator. The random generator was developed 
specifically for verification of the scheme. The Bayesian 
polytrees were generated with the characteristics needed 
for real time applications. 

Figure 3 gives the actual experimental speedup obtained 
for trees of various sizes for cube of dimension 5. Fig- 
ure 4 shows the speedup obtained by mapping a tree 
of 50 nodes onto cubes of various dimensions. Figure 5 
shows the speedup obtained for different trees obtained 
by keeping the number of nodes constant but varying 
the height of the Peot-Shachter tree. The speedup re- 
mains more or less constant over the number of nodes 
in a Bayesian tree. The anomalies seen in the curves are 
due to the fact that the actual number of child nodes, for 
each node, may vary from tree to tree and node to node. 
Hence, the speedup sometimes fluctuates depending on 
the actual distribution of nodes in a tree. There is a 
decline in speedup as the height of the Peot-Shachter 
tree is increased, as shown in Figure 4. The rate of in- 
crease of speedup with dimension, shown in Figure 3, 
is not linear with respect to the number of processors, 
since Bayesian polytree updating communication inten- 
sive and simultaneous computation is not always possi- 
ble due to the inherent hierarchy in the Peot-Shachter 
tree. We have found these empirical behaviors to follow 
trends predicted by the analytical estimates [813 

The actual timings obtained for each of these operations 
are as follows. The time taken for computations for the 
X messages to be sent ranges between 7778 X 50 nsec 
and 7788 X 50 nsec. Similarly, for T messages sent, the 
time is usually between 22774 X 50 nsec and 22813 X 

Gainesville, for their suggestions and help during the course of 
implementation on the nCUBE. 

3\.Ve omit the theoretical analysis of the mapping algorithm due 
to space constraints. 
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Figure 4: S vs d for tree of 50 nodes 

Numb., of endences - 4. Dimension c 6 

5 5.5 8 6.5 7 7 5  8 8.6 0 
Hdght of th. Ime 

I 1 I Multide I < 1 I Not read. I 

3 I Multiple I 2 1 I Required 
This work I Single I 1 I Not reqd. 

Table 1: Comparison with other mapping approaches 

V. Conclusions 

We presented an efficient technique for mapping arbi- 
trarily large Bayesian belief networks on hypercubes 
with deadlock-free implementation. We showed that 
the speedup does not vary with the number of nodes 
in the Bayesian network and is limited by the height 
of the Peot-Shachter tree which is obtained by hang- 
ing the Bayesian polytree by a pivot node. We also 
found that the overhead in implementing Bayesian net- 
works on parallel machines l i e  hypercubes can be large 
because of the communication intensive nature of the 
network. 

Figure 5: S vs h for tree of 50 nodes 
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